Abstract. We characterize the exponential dichotomy of non{autonomous partial functional di erential equations by means of a spectral condition extending known characteristic equations for the autonomous or time periodic case. From this we deduce robustness results. We further study the almost periodicity of solutions to the inhomogeneous equation. Our approach is based on the spectral theory of evolution semigroups.
Introduction
For the autonomous partial functional di erential equation _ u(t) = Au(t) + Lu t ; t 0; u(t) = (t); ?r t 0;
there is a well developed semigroup approach; in particular, a powerful spectral theory is available. Here we assume that A generates a C 0 {semigroup V ( ) on a Banach space X. ?r t 0; solves (1.1) for 2 D(A L ). We point out that the semigroup U L ( ) describes the time evolution of the history function of the solution, i.e., u t = U L (t) . The spectrum of A L is determined by the relation 2 (A L ) () 2 (A + L );
where L 2 L(X) is given by L x := L(e x) for 2 C . Moreover, if t 7 ! V (t) is continuous in operator norm for t > 0 (e.g., if V ( ) is analytic or compact), then (U L (t)) n f0g = exp(t (A L )):
For these results we refer to 7, xVI.6] and also to 28, Chap.3] and the references therein.
Combining (1.3) and (1.4) with standard spectral theory, one sees that the solution semigroup U L ( ) is exponentially stable if and only if supfRe : 2 (A + L )g < 0; f 2 C : 2 (A + L )g \ iR = ;
(provided that V ( ) is norm continuous for t > 0). In this way one obtains exponential stability and dichotomy of the history function u t . Thus one can consider (1.3) as a generalized characteristic equation which extends the classical results for the case X = C n as presented in e.g. 13, Chap.7] .
In this paper we want to prove analogous characterizations for the non{autonomous problem _ u(t) = A(t)u(t) + L(t)u t ; t s; u(t) = (t ? s); s ? r t s; (1.5) where the linear operators A(t), t 2 R, generate an evolution family V (t; s), t s, on X and L( ) belongs to C b (R; L s (E; X)), the space of uniformly bounded and strongly continuous operator valued functions. In the next section we review the existence theory of (1.5); typically this problem is solved by an evolution family U L (t; s) on E which is generated by operators A L (t) given as in (1.2) .
However, even in the case of ordinary di erential equations (i.e., X = C n , r = 0, L(t) = 0, thus A L (t) = A(t)) it is known that the location of the spectra of A L (t) does not in uence the asymptotic behaviour of solutions. This can be seen by, e.g., Example VI.9.9 in 7] where time periodic equations are considered. But we note that for a certain class of periodic problems one can prove a characteristic equation involving the spectrum of the monodromy operator U L (p; 0), see 13, x8.3], 11] , and Corollary 3.7.
In the present work we derive in Theorem 3.5 a generalized characteristic equation for (1.5) which is formulated on function spaces like C 0 (R; X) and determines the exponential dichotomy of (1.5). As a consequence we obtain the above mentioned characteristic equations for autonomous and periodic problems. Theorem 3.5 further allows to characterize those delay perturbations such that U L ( ; ) inherits the exponential dichotomy of V ( 14] . Moreover, our characteristic equation is closely related to the qualitative behaviour of the solutions to the inhomogeneous problem _ u(t) = A(t)u(t) + L(t)u t + g(t); t 2 R:
For instance, let L(t) be periodic and let A(t) generate a periodic evolution family with exponential dichotomy. Then the solution u is almost periodic if the inhomogeneity g is almost periodic, see Theorem 4.6. Here we generalize results from e.g. 1], 11], 28] to the non{autonomous setting. Finally, the in uence of positivity is explored in Theorem 4.10 for a certain class of periodic problems. In the last section we discuss a retarded parabolic partial di erential equation with time periodic coe cients.
Our approach is based on the so{called evolution semigroup associated with (1.5) which is introduced in the next section. Concerning unexplained concepts and notation we refer to 7]. Given an exponentially bounded evolution family W( ; ) on Z, we de ne the associated evolution semigroup T W ( ) on C b (R;Z) by (T W (t)f)(s) := W(s; s ? t)f(s ? t); t 0; s 2 R; f 2 C b (R;Z):
Note that !(T W ) = !(W). This semigroup is not strongly continuous on C b (R; X). We are thus looking for closed subspaces of C b (R; Z) which are invariant under T W ( ) and the group of translations and on which T W ( ) is strongly continuous. It is easy to see that the space C 0 (R; Z) satis es these requirements for each exponentially bounded evolution family. This situation is thoroughly studied in the monograph 5], see also the survey given in 7, xVI.9].
If W( ; ) is p-periodic, we can also choose the subspaces P p (R;Z) of p-periodic functions and AP(R;Z) of almost periodic functions, i.e., AP(R;Z) = linfe i z : 2 R; z 2 Zg; where the closure is taken in C b (R; Z). In the case P p (R; Z) one can verify the required properties in a straightforward way; for AP(R; Z) we refer to e.g. 19 Assume that (A1), (A2), or (A3) holds. We want to study the asymptotic behaviour of the evolution family U L ( ; ) obtained in the previous section. Proposition 2.1 indicates that it will be useful to employ the evolution semigroups (T L (t)f) (s) = U L (s; s ? t)f(s ? t); f 2 F(R; E); and (T V (t)') (s) = V (s; s ? t)'(s ? t); ' 2 F(R; X);
and their generators G L on F(R;E) and G V on F(R; X), respectively. In Proposition 3.4 below we express G L in terms of G V and L( ). This relation leads to a generalized characteristic equation determining (G L ), see Theorem 3.5.
At rst we deduce the desired representation of G L in a heuristic way. Assume for a moment that the evolution family V ( ; ) is generated by operators A( ) on X. Then the evolution family U L ( ; ) should be generated by A L (t) given as in (1.2). We recall that the evolution semigroup on C 0 (R;Z) corresponding to a well{posed Cauchy problem _ It is reasonable to expect that D(G L ) D(@). Unfortunately, the boundary condition in (3.1) does not make sense for all f 2 D(@). To circumvent this problem, we subtract even if we only assume that (A1) holds. In fact, it turns out to be the correct one, but instead of the above heuristic arguments we have to develop a completely di erent method partly inspired by 23] .
As a preliminary step we compute the generator G 0 of the evolution semigroup T 0 ( ) on F(R;E) associated with the evolution family U( ; ) given in (2.4). Observe that !(T 0 ) = !(U) = !(V ). Using the de nition of the evolution semigroups, we obtain
so that T L (t) =T L (t) by (3.6).
We can now compute the resolvent of G L and thereby establish the desired characteristic equation. We set Theorem 3.5. Assume that (A1), (A2), or (A3) holds. Let G V be the generator of the evolution semigroup on F(R;X) associated with V ( ; ) and let G L be the generator of the evolution semigroup on F(R; E) induced by the evolution family U L ( ; ) on E given by (2.6 is an immediate consequence of (3.12). Theorem 3.5 and Proposition 2.1(a) imply the following characterization of exponential stability and dichotomy, where we take F = C 0 . We point out that the above result allows to study the exponential dichotomy of the retarded non{autonomous problem (2.5) on X by means of a spectral condition on C 0 (R; X). As mentioned in the introduction, a spectral condition on the space X itself is possible only in certain situations. We now show that (3.9) implies the known characteristic equations on X. We rst study the following special case of (A2).
(A2') V ( ; ) is a p-periodic evolution family on X and L(t) = B(t) (?p), 2 E, for B( + p) = B( ) 2 C(R;L s (X)). Let r = p.
Since in this case the evolution family U L ( ; ) on E solving (2.5) is p{periodic, its exponential behaviour is determined by the spectrum of the monodromy operator U L (p; 0 Using standard spectral theory of semigroups, one can deduce asymptotic properties of U L ( ) from the above corollary under additional hypotheses on A or X, see 7, xVI.6].
Applications
Theorem 3.5 allows to study robustness of exponential dichotomy under delay perturbations. Recall from Proposition 2.1(a) that G V is invertible on C 0 (R;X) if V ( ; ) has exponential dichotomy on X.
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Theorem 4.1. Assume that condition (A1) holds and let U L ( ; ) be given by (2.6). If V ( ; ) has an exponential dichotomy on X, then the following assertions are equivalent:
(a) U L ( ; ) has an exponential dichotomy on E, Proof. Due to Theorem 4.1, property (b) in the de nition of exponential dichotomy, and Lemma 4.2, it remains to show that dimQ L (0)E = dimQ U (0)E. Let " 2 0; 1]. Clearly, (4.1) still holds if we replace L(t) by "L(t), t 2 R. So due to Theorem 4.1 the evolution family U " ( ; ) given by (2.6) for "L(t) has exponential dichotomy with projections Q " (t) on the unstable subspaces, where Q 0 (t) = Q U (t) and Q 1 (t) = Q L (t). In view of 9, Lemma II. 4.3] , it su ces to prove the continuity of 0; 1] 3 " 7 ! Q " (0) 2 L(E).
Let T " ( ) be the evolution semigroup on C 0 (R; E) corresponding to U " ( ; ). Note that T " (t) is uniformly bounded for t; " 2 0; 1] by (2.7). The identity (3.7) yields T " (t)f ? We now obtain the assertion by evaluating this formula at t 2 R for = t ? s 0.
In the same way the following two theorems can be derived from Proposition 2.1 and Theorem 3.5 by varying the function spaces F(R;X) and F(R; E). Observe that the spectral conditions in Theorem 4.6(c) and 4.7 allow for a non{empty intersection of the spectrum of the monodromy operator and the unit circle provided that a`non{resonance' condition holds.
Finally, we study the in uence of positivity on stability properties of U L ( ; ) in the case (A2'). To that purpose we assume that X is a Banach lattice. Thus E = C( ?r; 0]; X) with the canonical order is a Banach lattice as well. The same holds for F(R;Z), where F = C 0 ; P p and Z = X; E. We rst establish that U L (t; s) is positive. 
A periodic partial differential equation with delay
We investigate the retarded parabolic di erential equation @ @t u(t; x) = k(t) @ 2 @x 2 u(t; x) ? a(t)u(t; x) ? b(t)u(t ? 1; x) + g(t; x); t; x 2 R; (5.1) on X = L q (R), 1 < q < 1, for 1{periodic coe cients a; b; k 2 C(R) with k > 0 and an inhomogeneity g 2 C b (R;X). Clearly, the operators A(t)' := k(t)' 00 ? Assume that ( a+ k; b) belongs to the interior of the shaded region in Figure 1 for some 0, where the upper boundary is given by = ? cos z; sin z = z; 0 < z < : Then Theorem A.5 in 13] shows that all 2 C satisfying (5.2) have negative real part, cf. 13, p.135]. This yields Re < 0 for each satisfying (5.2) for some 2 R + provided that ( a; b) is contained in the interior of the shaded region in Figure 1 . Hence U L ( ; ) is exponentially stable and, in particular, has an exponential dichotomy. As an example one may take a = 0 and b = 1. Note that in this situation V ( ; ) does no have an exponential dichotomy.
In view of the above discussion, our next theorem is an immediate consequence of Theorem 4.5 and Theorem 4.6(a). 
